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Temporal and Acoustic Accuracy of an Implicit
Upwind Method for Ducted Flows

Jeffrey P. Ridder* and Robert A. Beddinit
University of Illinois at Urbana-Champaign, Urbana, Illinois 61801

An implicit, time-accurate method for ducted-flow aeroacoustics is presented. The method is unfactored,
using line Gauss-Seidel relaxation and multiple axial sweeps for convergence of each time step. First- or
higher-order upwind spatial differencing is accomplished using either a modified form of van Leer’s flux vector
splitting or Roe’s flux difference splitting on the inviscid terms of the governing equations. A general time
integration algorithm is employed, which encompasses several schemes including the Euler implicit method used
for the current work. Results are presented from three numerical tests with comparisons being made to both
theory and experiment. These spatial and temporal accuracy tests show excellent tracking of the acoustic wave
speed using Roe’s flux difference splitting. The method is further seen to reflect waves properly as demonstrated
by comparison of computed pressure amplitudes and acoustic mode shapes with experimental data. Addition-
ally, no low mean-flow Mach number convergence limitation is observed. No Courant number stability
restriction is displayed, as accurate results are obtained utilizing Courant numbers of order 10 for these tests.

Nomenclature

= speed of sound

= total specific energy

= x inviscid flux vector

= x viscous flux vector

= y inviscid flux vector

= y viscous flux vector

= z inviscid flux vector

= z viscous flux vector

= identity matrix

= longitudinal chamber length
= Mach number

= flux tensor i
= unit outward normal to surface
= pressure

= vector of dependent variables
= heat flux vector

= right eigenvector matrix

= time

= velocity vector

= x velocity component

= y velocity component

= z velocity component

= axial coordinate

= transverse coordinate (depth)
= transverse coordinate (height)
= time integration parameter

= increment in space

= increment in time

= differencing parameter

= diagonal eigenvalue matrix

= piston displacement

= time integration parameter

D > m[>mN'~<xg<&:-y-&m%§2§h'\;m9®:ﬁ'ﬁma

Presented as Paper 89-2554 at the AIAA/ASME/ASEE/SAE 25th
Joint Propulsion Conference, Monterey, CA, July 10-13, 1989; re-
ceived Dec. 21, 1989; revision received July 31, 1990; accepted for
publication Aug. 13, 1990. Copyright © 1990 by the American Insti-
tute of Aeronautics and Astronautics, Inc. All rights reserved.

*QGraduate Student, Department of Aeronautical and Astronautical
Engineering. Student Member AIAA.

TAssociate Professor, Department of Aeronautical and Astronauti-
cal Engineering. Associate Fellow AIAA. ’

p = density

p’ = density amplitude about the mean
T = viscous stress tensor
Subscripts

i = x index

J =y index

k =zindex

L = left interface state

R =right interface state

s = surface condition

v = viscous flux vector
Superscripts

n = time level

+ = forward moving characteristic

— = backward moving characteristic
~ = quantity evaluated using Roe-averaged variables

1. Introduction

HOUGH significant progress has been made in develop-

ing and applying multidimensional computational meth-
ods to steady-state aerodynamics and propulsion problems,
satisfactory time-accurate methods for compressible flows are
a present research issue. The partial enclosure provided by
propulsion chambers often favors the development of oscilla-
tory flows. Small amplitude (acoustic) modes or nonlinear
disturbances can interact with propellant combustion pro-
cesses to produce instability. There are a variety of physical
mechanisms that may cause instability in any given system
(see, for example, Williams' or Strehlow?) and these must be
assessed on an individual basis. Generally, however, the time
and space scales of combustion, turbulence, acoustic modes,
and mean flow may differ by orders of magnitude. The com-
putational investigation of instability mechanisms (or other
transient behavior) therefore requires robust, efficient, and
accurate algorithms.

Demonstration of acoustic mode and traveling shock wave
predictive capability in relatively simple ducted compressible
flow environments is the second step in assessing the accuracy
of computational methods (the first is usually an assessment
of spatial accuracy in steady-state flows). Several recent com-
putational methods used in such studies may be classified into
two groups:
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1) Explicit methods, such as those used by Kailasanath et
al.,? Yang et al.,* and Vuillot and Avalon,® have been imple-
mented with first-order upwind differencing (and thus retain
propagation accuracy along characteristics), and are highly
vectorizable. However, they are subject to time step stability
constraints (CFL numbers of order unity), which can limit
resolution of small spatial features or lead to significant CPU
times in their resolution.

2) Approximately factored implicit methods are frequently
implemented with alternating direction implicit (ADI) spatial
factorization (Lindemuth and Killeen,® Beam and Warming,’
Briley and McDonald®). They have been applied to unsteady
flow problems by Baum and Levine® and Tang et al.!® Approx-
imately factored methods have a demonstrated advantage at
resolving multispatial scale features (such as thin acoustic
boundary layers along duct surfaces®). They are usually imple-
mented as central difference methods with artificial damping
to achieve second-order spatial accuracy. Most critically, they
are limited to CFL numbers of order unity due to first-order
time splitting truncation error.!!

Recent interest in characteristic-based schemes has been
stimulated to a great degree by a need for improved shock
capturing in high-speed flowfields. Two major classes of up-
wind methods have resulted. The first is the flux vector split-
ting (FVS) method such as those developed by Steger and
Warming!? or van Leer.!* The second is the flux difference
splitting (FDS) scheme introduced by Roe.* Since these
schemes preserve the characteristic behavior of the governing
equations, they offer the possibility of time-accurate resolu-
tion of unsteady acoustic waves. The steady-state spatial reso-
lution of van Leer’s method and Roe’s method has been
compared by van Leer et al.,'” with Roe’s FDS method prov-
ing superior.

These methods have also stimulated interest in unfactored
algorithms. Chakravarthy!! and Thomas and Walters!® have
been among the proponents of iterative upwind methods.
Each has cited the possibility of achieving steady-state solu-
tions as rapidly as factored schemes, while offering the flexi-
bility of time-accurate solutions as well. A fully iterative al-
gorithm (with no factored directions) avoids factorization
error and, therefore, permits larger CFL numbers.

The objective of this work is to develop an implicit time-ac-
curate method capable of capturing propulsion chamber
acoustics. The axisymmetric and three-dimensional Navier-
Stokes equations are used for the cases of interest. The al-
gorithm is iterative, using line Gauss-Seidel relaxation. The
boundary conditions are implicit and characteristic-based for
proper reflection of waves. The unsteady behavior of the two
upwind schemes mentioned is demonstrated by use of three
separate numerical experiments to test for acoustic accuracy.

II. Numerical Method

Governing Equations

Although both the axisymmetric and three-dimensional
Navier-Stokes equations are employed in this work, only the
three-dimensional method is described here since the axisym-
metric algorithm is similar. The three-dimensional Navier-
Stokes equations may be represented in integral form as

?—SXXQdV-FjSN-ndS:O (1)
at v s

Q is the vector of conserved variables, O = [p, pu, pv, pw,
pE1T. The flux tensor N is given in strong conservation law
form as

N=F-F)i +(G—-G,)j +(H—-H)k )

and,

n=nd+n,j+nk 3)
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The system is closed by assuming a calorically perfect gas and
Fourier’s law for the heat flux vector g.

Currently, a uniformly spaced Cartesian grid is used for
simplicity. Integrating Eq. (1) over a grid cell in the computa-
tional domain with center at i, j, k gives

Y I
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where Q is now an average value for the entire grid cell
centered at 4, j, k.

The two-dimensional equation system for an axisymmetric
flow follows the form suggested by Peyret and Viviand,!” and
includes additional source terms that reduce the governing
equations to a weakly conservative form.

Time Integration

Time integration for this work is first order using the Euler
implicit method. Extensions to higher order may be made by
using the general time integration formula given by Warming
and Beam,!®

{1” 6 [_a_a(F—F,)Jr_a_a(G—GV)
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where
60" = Q" — Q" )

Some of the integration schemes associated with Eq. (6) are
given in Table 1.
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Table 1 Time integration schemes of Eq. (6)

[/} B8 Scheme Truncation error
0 0 Euler, explicit O(6t)
0 - Leapfrog, explicit oIt
%3 0 Crank-Nicolson, implicit oIt
1 0 Euler, implicit O(6t)
1 %3 3-point backward, implicit 0(61?)

Table 2 Differencing schemes for Eq. (16)

Kx Differencing scheme
-1 Fully upwind

+1 Central difference

1% Third-order upwind biased
0 Fromm’s scheme

Spatial Differencing

The diffusive (viscous and heat flux) terms of the governing
equations are treated implicitly using second-order central
differences. The inviscid (convective and pressure gradient)
terms are solved using one of the upwind methods introduced

previously. These are outlined briefly in the following section.

Modified van Leer Flux Vector Splitting

Flux vector splitting methods split the convective flux vec-
tors into nonpositive and nonnegative components via the
eigenvalues of the convective flux Jacobian matrix. For exam-
ple, flux vector F is split as follows:

a
AQ) 26—2 =TAT-! - ®

where the columns of T are the eigenvectors of 4. The symbol
A is the diagonal eigenvalue matrix

A= ©

that may be split into positive and negative (or forward and
backward moving) components,

A=A*+A- (10)
Likewise,

A=AY+A4" (1)
and, due to hompgeneity,

F=(A*+A)Q=F*+F- (12)

van Leer’s flux vector splitting!? is chosen over other flux
vector splitting methods because of its smooth transition
across sonic points. The modification of Hanel et al.’® has
been applied due to improved energy conservation in regions
of strong Mach number gradients over the original van Leer
splitting. If M, = u/a, then for IM,| <1 and with F =
=p(a/4(M, = 1)%,

Fmiass
Frx:ll;ss[(’y - l)u + 2“]/‘)’
F*= Frassv 13)

+
massw

FriaslE + (p/p)]

ATAA JOURNAL

When M, | =1,
F*=F, F-=0 M,= +1
F+ =0, F-=F M, = -1 (14)

The remaining inviscid flux vectors follow similarly.
The split flux vectors are upwinded individually using the
MUSCL differencing technique.?’ With MUSCL,

F=F(Q7)+F (@7 as)

where,
05 =0 =207V +U2eIAI0  (16)

First-order upwind differencing is selected when ¢ = 0. Other-
wise, higher-order schemes may be chosen when ¢ =1 by
selecting the appropriate value of the parameter «, from
Table 2.

Roe’s Flux Difference Splitting

Godunov?! proposed a method for the solution of hyper-
bolic systems of equations whereby the flux across the cell
interface is solved exactly to simulate the motion of shocks
and expansion fans. Due to the expense of Godunov’s
method, the concept of flux difference splitting was intro-
duced by Roe!* as an approximate solution to the Riemann
problem to obtain the fluxes at a cell interface. The flux
vector, F, may be determined at the i + ¥4 interface as

Fiyy=Y2lFp + Fg — 1A1(Qr — Q1)] an

where the subscripts L and R represent states to the left and to
the right of the interface, respectively. The values of Q at these
locations are given by the MUSCL differencing scheme of
Eq. (16), where L corresponds to — and R corresponds to + .
The ~ overscript designates a quantity evaluated using Roe-
averaged variables. These variables are given by Roe in Ref. 14.
The flux difference Jacobian is given as

A=A+ - A~ 18)
where,
A*=TAR £ 1ANT-! 19)

The flux vector may then be approximately linearized as
follows:

Fi) = Flyw + VAL + 1A 11 41807

+ALAR — LA 17, 1608 (20)

Iteration Method

Application of higher-order upwind differencing operators
to the inviscid terms of the three-dimensional governing equa-
tions results in a 13-block diagonal matrix structure. The time
splitting error introduced by factored schemes results in a CFL
number limitation that restricts the possible benefit of implicit
methods for unsteady flows. It is for this reason that an
iterative scheme has been implemented in this work.

Line Gauss-Seidel relaxation is used with successive back-
ward and forward sweeping in the axial direction. After each
axial sweep, the transverse and axial sweep directions are
alternated (from backward to forward or vice versa). The
transverse sweep is alternated to its orthogonal counterpart
after every second axial sweep (i.e., from j to &k or vice versa)
so as to prevent any possible bias in the crossplanes. The
remaining line is solved as a block pentadiagonal for higher-
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order crossplanes or a block tridiagonal for first-order cross-
planes. Time-accurate solutions typically require a minimum
number of axial sweeps for convergence to within a specified
tolerance. For the calculations presented here, six sweeps were
found to be sufficient for convergence of the normalized
change of the dependent variables (determined globally) to
within 0.1%.

The differencing scheme chosen is restricted by the suffi-
cient (not necessary) condition of diagonal dominance for
convergence of an iterative method. Diagonal dominance is
lost when higher-order spatial differencing operators are used.
Convergence is then found to depend on the particular split-
ting method used as well as flow conditions and computa-
tional parameters (e.g., Courant number). For the problems
discussed here, the second-order van Leer scheme is found to
converge while second-order Roe generally does not. For the
third test case to be discussed, a hybrid operator (second-order
Roe axially and first-order Roe radially) is found to be conver-
gent. The advantage of this mixed operator becomes obvious
when the effect of the large aspect ratio of the cells (approx-
imately 200:1) on truncation error is considered.

Boundary Conditions

Due to the higher-order upwind differencing, information is
required at two additional phantom cells outside thé computa-
tional domain. The boundary conditions are characteristic
based with the number of conditions specified being equal to
the number of characteristics pointing into the computational
domain from the boundary. The remaining computationally
required conditions are then extrapolated from the computa-
tional domain to the boundary (corresponding to characteris-
tics pointing outward from the computational domain to the
boundary).

The conditions specified at the boundary interface (e.g.,
pressure at a subsonic exit) serve as the point of expansion for
a one-sided extrapolation to the exterior phantom cells. To
complete the computationally required information, a simple
(one-sided) extrapolation to the exterior domain is performed
by truncating the expansion of the remaining variables at a
higher-order derivative (e.g., 3*7/3x% =0, 8*u/dx?* =0, etc.,
for a subsonic exit condition). The phantom cells, then, are
expressed in terms of the two nearest interior cells and the
specified information at the boundary.

In the test calculations to follow, a resonance tube (enclosed
duct with a harmonically moving piston at the duct end,
x = L) is considered. The piston boundary condition used for
this case is described as follows. Formal solution on a grid
fixed in computational space would require a time-varying
coordinate mapping to accommodate piston displacement,
A(@). However, since N/L < 1 in the experiment, the computa-
tional geometry is assumed fixed and the flow velocity is
equated to the piston velocity at that boundary. The pressure
gradient is not assumed negligible and is specified by consider-
inig a one-dimensional Euler equation at the interface,

@1

where u and du /0t are specified analytically by the harmonic
piston displacement function, A(¢), at the piston boundary.
The axial velocity gradient, du /dx, is determined by & second-
order extrapolation to the boundary. This higher-order expres-
sion for pressure minimizes the excitation of false harmonics.

A consequence of assuming a fixed computational bound-
ary for a harmonically varying piston motion is the addition or
depletion of mass into the computational domain. The
amount of mass added may be determined by considering the
equation for conservation of mass over a cycle for the posed
problem:

m=-A| LAt 22)
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where A(L) is the cross-sectional area of the duct at the
boundary and flow properties have been assumed to be ap-
proximately one-dimensional there. Since p(¢,L) and A can be
out of phase by more than 90 deg (depending on acoustic
amplitude, computational method, and computational condi-
tions), system mass need not be conserved, and was observed
to increase in preliminary acoustic calculations. As an exam-
ple, for an acoustic density response 180 deg out of phase with
velocity at the piston boundary, the global increase in density
may be found to be

_p "NinaxT

A
P L

(23)

where p’ is the amplitude of the density about the mean and
Amax 1S the amplitude of the piston displacement. Similarly, it
may be shown that the global density increase is zero when the

» density response is a shock.

To compensate for the change in system density requires
that each cell be treated individually since the exact density
amplitude and mode shape at each location varies and is not
known a priori. This is accomplished by determining the mean
density at each grid cell over a cycle. This is then compared to
the theoretical ambient mean, and the difference is removed
from the current value of density at the end of the cycle. This
procedure was found to conserve mass properly in the calcula-
tions presented here. Global conservation corrections for mo-
mentum and energy were not taken into account, since these
are of higher-order for low amplitude acoustics, and their
change over several cycles was not as apparent as the system
mass change prior to applying the corrective procedure.

III. Results and Discussion

The time-accurate behavior of this algorithm for chamber
flows has been examined by testing for acoustic accuracy.
Acoustic accuracy in a numerical method may be evaluated in
terms of two critical guidelines. The first is the ability of the
method to track a small disturbance to be traveling at its
proper acoustic wave speed. The second is the ability of the
numerical boundary conditions to reflect the disturbance with-
out any losses or gains, thereby preserving acoustic modal
accuracy. Three test cases have been considered to examine the
spatial and temporal accuracy of the method by comparison to
experiment and theory. All results presented here are first-
order accurate in time using the Euler implicit method. The
Crank-Nicolson method (# = /4) was also tried and presented
some difficulty. In particular, in the resonance tube test case it
was found that severe overshoots of the traveling shocks oc-
curred and caused instability. It is expected that an appropri-
ate flux limiter applied to the implicit side of the integration
procedure would alleviate this problem.

ONERA Cold Flow Test

The spatial accuracy of the method is first examined by
comparison to experimental data from an ONERA cold flow
experiment.2? The chamber is shown in Fig. 1. The computa-
tional geometry was nozzleless with a 28 x 10 x 10 grid and
quarter cross-plane symmetry. The upper and lower surfaces
were injected with (pw), = 13.02 kg/m?/s. The wall boundary
conditions were adiabatic and resulted in a head end tem-
perature of 260 K corresponding to the steady-state experi-

T T 17 T T

Fig. 1 ONERA cold flow test chamber geometry. Dimensions are
0.48 X 0.04 x 0.02 m, excluding the nozzle.
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- Expér[%len!a‘l Data, Traineau et al.

2nd Order Van Leer (Laminar)

—-—-— 18t Order Roe {Laminar).

——————— Parabolic Full Reynolds Stress Method
T RS
RIRC ANV NENRA R
N o ‘
-1 Pl W Ve

01 2 34 5 6 7 8 9 1011 12 13 14
(Head End) Axial Station Number

Fig. 2  Comparison of computed normalized axial velocity profiles
with ONERA cold flow data.
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Fig. 3 Computed centerline axial velocity comparison to ONERA
cold flow data.

mental result. The approximate injection Reynolds nuinber,
Re, = 8000, and the flow character is such that convection
terms dominate, even though the flow is turbulent. The CFL
number used for this case was approximately 7.5.

Comparisons with the experimental data are given in Figs::2
and 3. Figure 2 shows normalized axial velocity profiles at the
centerplane, where the distance of the axial stations from the
head end are 1.1, 5.1, 10.1, 15.1, 20.1, 25.1, 30.1, 35.1, 40.1,
and 45.1 cm respectively. The calculations were made using
both second-order (x = — 1) van Leer and first-order (¢ = 0)
Roe differencing. For additional comparison, results from a
parabolic, full Reynolds-stress turbulence model method? are
also provided. It may be seen that both upwind methods from
the current algorithm appear to agree with each other very well
except very near the head end. Both of these schemes and the
parabolic method agree with the experimental data favorably
through the first four stations. The current laminar analysis
does not agree with experiment, however, downstream of the
fifth axial experimental station at x/L = 0.42 siice Reynolds
stresses become increasingly important. This is verified by the
close agreement oOf the parabolic code with the experimental
data at all axial stations. )

Although the normalized laminar profiles compare favor-
ably using either scheme, the non-normalized axial centerline
velocity shows a very different situation. As seen in Fig. 3, the
first-order Roe case agrees with the experimental data ex-
tremely well in the laminar portion of the duct. Beyond transi-
tion, however, the cenierline velocity is overpredicted. This
may again be attributed to the laminar assumption of the
current model. Second-order van Leer results are found to be
in poor agreement on thie centerline along the entire length of

Table 3 Pressure comparison to ONERA cold flow experiment

Phead (bar) Pexit/ Phead
ONERA experiment 3.00 0.417
1st-Order Roe 3.15 (5%) 0.403 (3.4%)
2nd-Order van Leer 3.48 (16%) 0.349 (16%)
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Fig. 4 ONERA subsonic exit test: a) comparison of computed tran-
sient pressure; b) comparison of transient exit Mach number.

the duct. These results for an Euler dominated flow present
similar findings to those of van Leer et al.® for a viscously
dominated flow in which it was found that van Leer’s flux
splitting was overly diffusive.

Comparing further, Table 3 shows the pressure response of
the two schemes. Roe’s flux splitting is again seen to perform
well, with agreement to within 5% of experimental values on
a relatively coarse grid.

ONERA Cold Flow Test—Subsonic Exit

The ONERA test chamber geometry of Fig. 1 was used with
4 decreased injection rate such that the steady, centerline exit
Mach number would remain much less than unity. With one
characteristic at the exit pointing back upstream, partial re-
flection of acoustic waves is expected to occur. For this test,
the wall injection rate was decreased to (ow); =2.0 kg/m?/s
(all other conditions remained the same). This case serves to
demonstrate the development of simple acoiistic waves as a
mean flow is established by impulsive injection into a quies-
cent chamber. The acoustic wave may then be tracked and its
speed compared to the theoretical sound speed to determine
the time-accuracy of the numerical method.

Figures 4a and 4b illustrate the starting transients. Figure 4a
shows the response of thie pressure at the head end for three
spatial differencing schemes. The large numerical diffusivity
of the first-order van Leer scheme is seen to completely absorb
any acoustic behavior within one-quarter wavelength. Similar
results are seen in the centerliné exit Mach number response
(Fig. 4b). In both figures, the results from first-order Roe and
second-order van Leer are seen to track the acoustic waves and
reflect them at the boundaries (an impermeable wall at the
head end and open subsonic exit at the aft end).

The numerical data were further analyzed to evaluate the
speed of the acoustic wave over a full wavelength (four times
the length of the chamber). The characteristic wave speed is
u — a for waves traveling upstream and u + a for waves trav-
eling downstream. Mean flow effects were taken into account
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Table 4 Comparison of computed and theoretical sound speed

ACOUSTIC ACCURACY FOR DUCTED FLOWS

Sound speed (m/s) % error
Theory 323 (—)
1st-Order Roe 319 1.2
2nd-Order van Leer 272 15.8

by approximate evaluation of the mean axial vélocity in space
and time over each quarter wavelength. This was accom-
plished by assuming a-parabolic profile for the velocity along
the centerline, and a curve fit of the computed exit velocity as
a function of time. This analysis produced the results in Table
4. Roe’s method is seen to compare extremely well to acoustic
theory with very little error. Van Leer’s method, on the other
hand, falls well short of an acceptable range of error and was
not considered further.

Piston Driven Resonance Tube

Further comparisons have been made to the experimental
resonance tube data of Merkli and Thomann.? The previous
test has demonstrated the ability of the numerical method to
compute acoustic waves arising from starting transients in the
flow. This test demonstrates the ability of the method to
calculate acoustic modes resulting from standing waves and
exhibits the ability of the method to establish a resonance
condition at a frequency corresponding to that predicted by
linear theory. In addition, off-resonance behavior is examined
and the wave forms of both cases are compared to experiment.
All numerical results are computed using second-order
(k= — 1) Roe flux difference splitting in the axial direction
and first-order (¢ = 0) Roe radially.

The Merkli and Thomann resonance tube is a simple cylin-
drical duct 1.7 m long and 9.5 mm in radius. A sinusoidally
moving piston is placed at one end with piston amplitude,
Amax, variable up to 13.8 mm. The initial ambient conditions
are T =298 K and p = 10° N/m? (1 bar). The numerical
simulation used an axisymmetric geometry matching the phys-
ical dimensions of the tube.

Several comparisons to the Merkli and Thomann data have
been made. The first case considered was with a theoretical
resonant piston frequency of 102 Hz and piston amplitude,
Amax» Of 13.8 mm. For resonance to occur, the head and piston
end pressure responses are expected to be 180 deg out of phase
with each other and have equal amplitudes. Two grids were
considered for this case. The first grid used 42 x 50 cells and 96
time steps per c¢ycle. The second grid was higher resolution in
space and time, using 63 X 75 cells and 144 time steps per
cycle. Fifteen cycles were run on each grid using a Courant
number, CFL = 187. The Courant number is defined globally
as follows:

1 1
CFL = aat<— + ——> (24
Ax Ay

Figure 5 shows that resonance occurs rapidly and is held
throughout the computation. Although resonance was at-
tained similarly on both grids, only the 42 x 50 grid results are
shown in Fig. 5. A mean pressure shift is found to occur and
corresponds directly to a rise in temperature. This temperature
rise may be dttributed to the use of an adiabatic wall boundary
condition, which causes the irreversible work done by the
piston on the fluid (in addition to viscous heating) to be
converted directly to a rise in internal (and kinetic) energy of
the fluid. Although Fig. 5 shows little evidence, it is expected
that a continued temperature rise would result in detuning
from resonance. (It is noted that the experimental data was
acquired after a 20-min transient period was allowed to
elapse.)

Figure 6 compares the computed and experimental wave
profiles. The pressure shift of Fig. 5 has been removed from
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Fig. 5 Resonance tube pressure response for frequency, f = 102 Hz,
and piston amplitude, Anax = 13.8 mm (42 x 50 cells, 96 steps/cycle).
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Fig. 6 Comparison of computed and experimental wave profiles at
full amplitude resonance, f = 102 Hz, Amax = 13.8 mm.

the computed solutions to facilitate the comparison. Reason-
able agreement in amplitudes is seen in all cases (the corre-
sponding Mach number amplitude is 0.17), although the
higher resolution calculation results in steeper wave profiles.
Most significant, though, is the demonstrated ability to repro-
duce the N-type traveling wave profile of the experimental
resonance condition in each case.

Although a reasonably large Courant number was used for
these calculations; it should be noted that the Courant number
in the (axial) direction of wave propagation was selected to be
unity, i.e.,

CFL, =— = (25)

This i$ not due to any inherent stability restriction, but rather
is intended to limit the introduction of numerical dispersion
and dissipation typical of higher CFL numbers for unstéady
problems.? Through experience it has been observed that this
choice of axial CFL number is especially critical for problems
in which shocks are expected to occur. When only simisoidal
modes are expected it has been found that a higher axial CFL
is possible. This is demonstrated in the off-resonance test to
follow.

The ability to attain large radial CFL numbers allows for
enhanced spatial resolution of the acoustic boundary layer.
Although the current resolution is insufficient for boundary
layer analysis, the axial velocity near the pressure node does
show the classical Richardson. maximum in axial velocity.?
The results of higher-resolution acoustic boundary-layer anal-
ysis will be presented in a future paper.
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Fig. 7 Comparison of computed and experimental off resonance
results, f = 65.3 Hz, Amax = 13.8 mm.

A final test was conducted with the resonance tube by
comparing with experimental off-resonance data, which are
well characterized by classical linear-acoustic standing-wave
motions. The driving frequency in this case was 65.3 Hz with
a piston amplitude of 13.8 mm. This case was computed on a
42 x 50 grid using a CFL number of 590, corresponding to 48
time steps per cycle. In this case the axial Courant number was
2.72. This was consideréd reasonable since no shocks occur
and yields acceptable truncation error in computed mode
shapes. Further tests have revealed that a very high axial
Courant number (obtained by reducing axial spacing by an
order of magnitude) gives nearly identical results to those
shown here. Figure 7 shows a comparison of the computed
results with the experimental results at these conditions.
Again, good agreement is seen. The pressure amplitudes at all
axial locations compare very well as does the computed loca-
tion of the pressure node.

Timing of the off-resonance case was also used for compar-
ison of efficiency with other methods. The current method
was timed on a Cray X-MP/48 (using a single processor) to
require 25.7 ms/grid cell/cycle. Vuillot and Avalon’ used a
Cray X-MP/18 and required 450 msec/grid cel/cycle (using
3571 steps per cycle). Though no specific timing information
was given by Baum and Levine,® the code used was the same
as that of Sabnis et al.?’ (including a two-equation turbulence
model). From the information provided by Ref. 27 it was
inferred that approximately 40 ms/grid cell/cycle were re-
quired in Ref. 9 (using 300 steps per cycle).

IV. Conclusions

An implicit, time-accurate, iterative upwind method has
been developed and applied to three test cases. Although
several researchers have discarded implicit methods for time-
accurate solutions, the results from these tests clearly show
a strong potential for implicit methods when properly for-
mulated. The current method has demonstrated accurate
propagation of acoustic information and good convergence
characteristics for steady-state problems. The computational
efficiency lost by the incomplete vectorization of iterative
methods is overcome by operating at relatively large CFL
numbers, O(10%. The CFL numbers used for this work were
found not to be limited by stability restrictions. It was found,
however, that the CFL number in the direction of wave prop-
agation should be limited to order unity to avoid excessive
dispersive and dissipative errors for nonlinear motions.

The test cases considered have yielded encouraging results.
In particular, it is felt that the resonance tube problem pro-
vides a challenging physical situation for comparison. In addi-

AJAA JOURNAL

tion to its simple configuration, comparisons with detailed
data have provided a critical test for validating time-accuracy.
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